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Abstract 

Let p be a prime number and let n be a positive integer prime to p. 
^H ' By an Ihara-result, we mean existence of an injection with torsion-free 

^^ , cokernel from a full lattice in the space of p-old modular forms, into a 

• ' full lattice in the space of all modular forms of level np. In this paper, 

i -^ I we prove Ihara-results for genus two Siegel modular forms, Siegel-Jacobi 

C^ . forms and for Hilbert modular forms. Ihara did the genus one case of ellip- 

tic modular forms [Ih] . We propose a geometric formulation for the notion 
of p-old Siegel modular forms of genus two using clarifying comments by 
R. Schmidt [Sch] and then follow suggestions in an earlier paper [Ral] 
on how to prove Ihara results. We use the main theorem in [Ral] where 
we have extended an argument by G. Pappas to prove torsion- freeness 
of certain cokernel using the density of Hecke-orbits in the moduli space 
of principally polarized abelian varieties and in the Hilbert-Blumenthal 
moduli space which was proved by C. Chai [Ch]. 
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'^i I In this paper, we are interested in proving arithmetic results for modular forms 

C^ ' by introducing geometric interpretations of some analytic aspects of the theory 

H ! of modular forms. More precisely, we suggest a geometric definition for the 

analytic notion of old Siegel modular forms and then generalize an arithmetic 
result of Ihara to the case of genus two Siegel modular forms, Siegel-Jacobi 
j^ ' forms and Hilbert modular forms. 

H I The theorem of Ihara is used by Ribet to get congruences between elliptic 

modular forms. The fundamental paper [Ril] together with his ideas in [Ri2] 
which where generalized by himself and many others lead to an almost complete 
classification of congruences between modular forms of different weights and 
levels in the genus one case. The result of Ihara is crucial in the procedure of 
raising the level. 

To generalize this result to the Siegel case, one has to introduce a geomet- 
ric characterization for the space of p-old Siegel modular forms. We introduce 
explicit correspondences, which we call Atkin-Lehner correspondences, on ap- 
propriate Siegel moduli spaces which generate the whole p-old part out of the 



pull back copy of modular forms of level n inside those of level np for square- 
free integer n. In fact, using the Atkin-Lehner correspondences, we define a map 
from four copies of the space of forms of level n to the p-old part of forms of level 
np which turns out to be injective and generate the whole p-old part. By an 
Ihara-result we mean cokernel torsion-freeness of the map induced on the speci- 
fied full lattices in these vector spaces. This is what Ihara proved in the elliptic 
modular case [Ih]. Injection of this map is an automorphic fact. But cokernel 
torsion-freeness is proved by getting an injection result in finite characteristic. 
We generalize a result of G. Pappas to get this injection using density of Hecke 
orbits. This density result is proved by C. Chai [Ch]. The precise statement of 
our main result is as follows. 

Main Theorem 0.1 Let p be a prime which does not divide the square-free 
integer n. Atkin-Lehner correspondences induce an injection from a full lattice 
in the space of p-old Siegel modular forms, into a full lattice in the space of all 
modular forms of level np. The cokernel of this map is free of I -torsions for all 
primes I not dividing 2np[To{p) : T'{p)] with I — 1 > k where To{p) and T'{p) 
are certain congruence subgroups of Sp{A,'L). 

This is an implication of theorems 2.2 and 2.4. Using the same ideas one 
can also prove an Ihara result for Siegel- Jacobi forms of genus two. Let B^* (n) 
denotes the compactification of the universal abelian variety over the Siegel 
space A^Jn) (Find precise definitions in sections 1 and 3). 

Theorem 0.2 Let p be a prime which does not divide n. The Atkin-Lehner 
correspondences induce a cokernel torsion-free injection 

for all primes I not dividing 2pn[To{p) : T'{p)] with I — 1 > k. 

Theorem 3.1 is a more precise statement. To prove an Ihara result in the 
case of Hilbert modular forms is much easier, since we only have two copies 
of Hilbert modular forms of level n inside p-old Hilbert modular forms of level 
np. Since our ideas work for the higher dimensional case of Hilbert-Blumenthal 
moduli space, we include an Ihara result for Hilbert modular forms as well. 
Although, one can easily prove such a result using appropriate Shimura curves. 
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1 The arithmetic and geometry of Siegel spaces 

In this paper, we only work with geometric formulation of Siegel modular forms. 
For automorphic motivations on how to define the space of p-o\d Siegel modular 
forms we refer to [Ral]. 

By the Siegel upper half-space which we denote by H^ we mean the set of 
complex symmetric g by g matrices fl with positive-definite imaginary part. The 
quotient of Siegel upper half-space Hg by Sp(2g, Z) acting on Mg via Mobius 
transformations is a complex analytic stack Ag which could be thought of as the 
moduli space of principally polarized abelian varieties. The universal family of 
abehan varieties over Mg is given by A{n) = Cs/(Z» © fi.Z^). 

A Siegel modular form of weight fc is a holomorphic section of the line bundle 
Om ® (A^C^)®*^ which we denote of w. When written formally, this becomes an 
expression of the form f(n)(dzi A ... A dzg)®^ where / is an Sp{2g, Z)-invariant 
complex holomorphic function on Hg which is also holomorphic at oo. For genus 
> 2 the latter condition is automatically satisfied by Koecher principle. 

A discrete subgroup T of Sp{2g, Z) is called a congruence subgroup, if it 
contains T(n) for some positive integer n where 

r(n) = {7 6 Spi2g, Z)\j ^ { ^« J* ) (mod n)}. 

U Ig 

Here is an example of a congruence subgroup 

FoH = {7 6 Sp{2g,Z)\^ ^ ( * * ) i^od n)}. 

U * 

The quotients of Mg by congruence subgroups of Sp{2g, Z) are called Siegel 
spaces. They can be thought of as the moduli space of principally polarized 
abelian varieties equipped with certain level structure. Siegel modular forms 
can be considered as certain differential forms on Siegel spaces. 

The space of Siegel modular forms can also be formulated in the language 
of schemes. Let S' be a base scheme. A modular form / of weight fc is a rule 
which assigns to each principally polarized abelian variety {A/S, A) a section 
f{A/S, A) of ijj'^/g over S depending only on the isomorphism class of {A/S, A) 
commuting with arbitrary base change. Here w^/s is the top wedge of tangent 
bundle at origin of A over S. 

To define Siegel modular forms of higher level, one should equip principally 
polarized abelian varieties with level structures. Let C„ denote an n-th root 
of unity where n > 3. On a principally polarized abelian scheme (A, A) over 
>S'pec(Z[C„, 1/ri]) of relative dimension g we define a symplectic principal level-n 
structure to be a symplectic isomorphism a : ^[n] ^ (Z/nZ)^^ where (Z/nZ)^^ 
is equipped with the standard non-degenerate skew-symmetric pairing 

<,>: {Z/nZf^ X {Z/nZf^ -^ Z/nZ 

< (m, v), {z, w) >^-> M.W* — U.Z* 



Let S* be a scheme over 5^60(2 [C„, 1/n]). The moduh scheme classifying the 
principally polarized abelian schemes over S together with a symplectic principal 
level-n structure is a scheme over S and will be denoted by Ag (n) . The moduli 
scheme Ag(n) over S can be constructed from Ag{n) over 5*^60(2 [C„, 1/n]) by 
base change. 

5*^(2(7, Z/nZ) acts as a group of symmetries on Ag{n) by acting on level 
structures. We will recognize these moduli spaces and their equivariant quo- 
tients under the action of subgroups of Sp{2g,Z/nZ) as Siegel spaces. We 
restrict our attention to Siegel spaces over 5'pec(Z[^„, 1/n]). Ag{n) is connected 
and smooth over S'pec(Z[C„, l/n]). The condition n > 3 is to guarantee that 
we get a moduli scheme, instead of getting only a moduli stack. The natural 
morphism Ag{n) -^ Ag{m) where m,n are positive integers > 3 and m\n is a 
finite and etale morphism over S'pec(Z[Cn, I/"])- 

Let Bg(n) denote the universal abelian variety over Ag(n). The Hodge bun- 
dle Lo is defined to be the pull back via the zero section io : Ag{n) -^ Bg{n) 
of the line bundle t\*°^^Bg(n)/Ag{n)- The Hodge bundle is an ample invertible 
sheaf on Ag{n) and can be naturally extended to a bundle w on j4*(n). We 
could define the minimal compactification A*{n) by the formula 

Al{n)^promk>^H^{A*g{n),uj'^^)). 

The graded ring above is regarded as a Z[C„, 1/n] -algebra. The scheme A*{n) is 
equipped with a stratification by locally closed subschemes which are geometri- 
cally normal and flat over S'pec(Z[C„, 1/n]). Each of these strata is canonically 
isomorphic to a moduli space Ai{rL) for some i between and g. The map 
Ag(n) -^ Ag{m) can be extended uniquely to A*{n) -^ A*(m) for m\n. These 
maps when restricted to strata, induce the corresponding natural maps between 
lower genera Siegel spaces Ai{n) -^ Ai{m). The action 5p(2(/,Z/nZ) on Ag{n) 
naturally extends to an action on the compactified Siegel space A*{n). This 
action is compatible with the maps A*{n) -^ A*{m) for m\n. 

Let Ko{n) denote the subgroup of Sp{2g,Z/nZi) fixing the g first (Z/nZ)- 
basis elements of (Z/nZ)®^^ on which Sp{2g,1j/nZ) acts. Since A*{n) is a 
projective scheme, we can define the quotient projective schemes A'^*{n) to be 
the geometric quotient of A*{n) by KqIu). This quotient provides us with a 
compactification of A^ (n) which is the moduli scheme of principally polarized 
abelian schemes (^, A) over S'pec(Z[C„, 1/n]), together with g elements in A[n\ 
generating a symplectic subgroup isomorphic to (Z/nZ)^. Again we have natu- 
ral maps A"*(n) -^ A°*(m) for m\n. 

Wc define the Hodge bundle uj on A^*{n) to be the quotient of the Hodge 
bundle lo on A*{n) under the action of the corresponding subgroup KqIu) of 
Sp{2g, Z/nZ). This is possible because the line bundle uj on the space A*{n) is 
Sp{2g, Z/nZ)-linearizable. A Siegel modular form of weight k and full level n is 
a global section of u^ on A*{n). Over the complex numbers, this corresponds 
to a Siegel modular form of weight k with respect to r(n). In this paper, by a 
Siegel modular form of weight k and level n we mean a global section of lo^ on 
A^*{n). This corresponds to the congruence subgroup ro(n). 



2 Ihara result for Siegel modular forms 



The niod-p Bruhat decomposition implies that, we have the following decompo- 
sition 

GSp{4,Qp) =Y[B{Qp)w,To{p), 

where B is the Borel subgroup and Wi for i = 1 to 4 are running over the 
representatives of Wsp(4,Zp)/W^ro(p)- We choose the following representatives 



wi = id, W2 



/I 0\ 
1 
10 

Vo -1 0/ 



,W3 = 



/ 1 0\ 

10 

-10 

V 1/ 



,W4 = 



/ 10^ 

1 

-10 

V -10 0/ 



It is suggested in [Ral] that because of this picture, there should be 4 copies of 
modular forms of level n inside the p-old part which is analytically characterized 
by the conjugates WiTo{p)w~^ for z = 1 to 4. All of these conjugates lie in 
Sp{2g, Zp). We get the copy associated to wi = id simply by pulling back level- 
n forms to level np via the projection map between moduli spaces. Following the 
genus one case, we can get a second copy using the action of universal p-isogeny 
Wp which is realized on To{p). Now we have candidates for two of the copies of 
level-n forms inside the p-old part. 

we are interested in finding 4 algebraic correspondences on A'l (np) such that 
the image of the pull back copy under the action of these correspondences gives 
us all of the p-old copies. The most natural way to look for these correspondences 
is to pull back all the 4 copies of modular forms of level n to a congruence 
subgroup which is of a richer geometric structure. For example, we can pull 
back to T'{n,p) = To{n) n r'(p) where 

r'(]3) = {7 G Sp{A, Z)|7 = diag{*, *, *, *) {mod p)}. 

The 4 specified elements of the Weyl group induce 4 involutions on the moduli 
space A'g{n,p) corresponding to T'{n,p). Indeed, the conjugations WiT'{p)w~ 
stabilize the congruence group. These involutions have a nice simple interpre- 
tation in terms of the moduli property. We could also work with V {np) and the 
associated Siegel space A'g{np). 

The Siegel space associated to T'{p) is the quotient of the level-p Siegel space 
by the subgroup of Sp{2g, Z/pZ) which stabilizes all of the 2g copies of Z/pZ 
in (Z/pZ)^3. The conjugations correspond to symplectic automorphisms which 
are well defined on the kind of level structure we are considering here. It is 
essential to note that we can not obtain the 4 copies of p-old modular forms 
by applying the above 4 involutions on the direct pull back of modular forms 
via the natural map tt : A' {n,p) -^ Ag{n). Because forms in the pull-back are 
already invariant under all w^'s. Instead, we shall apply Wp after pulling these 
forms back as far as A'^{np) and then pull them back to A' {n,p). The second 
copy we get in this manner, generates a new copy of p-old forms on A' {n,p) 



by applying involutions by Weyl elements, to the pull back of the second copy 
generated by Wp which we can push forward down to A^{np). The forth copy 
can be constructed by applying Wp again to the final copy. We propose the 
following definition for the space of p-old Sicgcl forms 

Definition 2.1 The space of p-old Siegel modular forms of level np is generated 
by the images of correspondences id, Wp,TT'^ow2 tt'* owp,WpOi:'^ow2° tt'* o Wp 
acting on the pull-back copy of Siegel modular forms of level n inside those of 
level np. These are called the Atkin-Lehner correspondences. The space of new 
forms is defined to be the orthogonal complement of the space of p-old forms 
with respect to the Petterson inner product. 

The careful considerations of R. Schmidt shows that this is a well-defined 
notion of old- form for square- free n (Look at table one in [Sch]). Moreover, 
one can prove that these correspondences produce all of the 4 copies we are 
expecting inside the space of Siegel modular forms of level np. Here is the 
precise statement 

Theorem 2.2 Let p be a prime which does not divide n. The correspondences 
id, Wp,Tr'^_ow2 tt'* o Wp and Wp o ir'^ o W2 o tt'* o Wp induce a cokernel torsion-free 
injection 

for all primes I not dividing 2np[T(){p) : T'{p)] with I — 1 > k. 

This theorem is the main theorem in [Ral] which is obtained by generalizing 
the following result of G. Pappas [Pa]. One shall note that arguments in [Ral] 
work only for genus 2. The general case is treated in the new version [Ra2]. 

Theorem 2.3 (Pappas) Let F be a field of characteristic zero or finite char- 
acteristic q with q not dividing pn. Let f and g be modular forms on A^{pn)/F 
which are pulled back from A^An). Then Wp.f -\- g = implies f = g = except 
when p—l\k and the characteristic is finite. In this case, the kernel is generated 
by (i?™, — -ff™) where H is the Hasse invariant. 

For interested reader, we will reproduce the result of G. Pappas with a few 
modifications and simplified proofs in the appendix. 

Theorem 2.4 Let n be a square-free integer. The space of p-old Siegel modular 
forms is generated by Siegel modular forms of level np which are eigenforms of 
Hecke operators and appear as Siegel eigenforms with the same eigenvalues in 
the space of Siegel forms of level n. 

Proof. There could be at most four copies of Siegel modular forms of level n 
inside p-old Siegel modular forms of level np. The four correspondences commute 
with all Hecke operators Tg with q prime to p. Therefore, by corollary 5.3 of 
[Sch] they produce old forms. By theorem 2.2 the four images are linearly 
independent. Therefore, every p-old Siegel modular form is generated by the 
images of these correspondences. D 

Now, it is clear that our main theorem follows from theorems 2.2. and 2.4. 



3 Ihara result for Siegel-Jacobi modular forms 

The universal abclian variety Bg(n) hosts the hne bundle A*Qb (n)/A («) which 
can be naturally extended to a bundle on the universal senii-abelian variety 
A*(n). We denote this line bundle by tt*lu where tt is the projection from the 
universal abelian variety to the base. Unlike the Hodge bundle tt*lli is not an 
ample invertible sheaf on Bg (n) . 

One can construct an ample line bundle on the universal abelian variety Bgn 
via the principal polarization of Bg {n) . Let 

A : Bg{n) -^ Bg{n)xA^{n)Bg{n) 

denote the diagonal map. We set L = A*PBg(n) where P is chosen to be the 
invertible sheaf which is twice the principal polarization oi Bg{n). The invertible 
sheaf 7r*u;®'= (g) L®'" is ample on Bg{n)/Spec{Z[Cn, l/n]) for fc, m > 0. 

Faltings and Chai construct an arithmetic compactification of the fiber power 
of universal abelian variety over the base (theorem 1.1 of chapter VI in [Fa-Ch]). 
Let Y ~ Bg{n)j^ . x and tt : K ^ ^g{^) denote the natural projection to the 

base and let Tq = Lie{Gg^nY . Then there exists an open embedding Y ^> Y 
and a proper extension of the projection over the base -k :Y ^f Ag{rL) such that 
\)Y and Ag(n) are smooth over Z[l/n, C„] and the complement Y — Y is a relative 
divisor with normal crossings. 
ii)The translation action of Y on itself extends to an action of G^ „ on F. 

iii)fiy,^ ,s — Oy/7r*(f2^ ,.) is locally free and isomorphic to tt*{Tq*s^). 

where all these isomorphisms extend the canonical isomorphisms over Ag(n). 
Here ^y/a is an abbreviation for fll^ [dlogoo]. In case s = 1 we denote this 

compactification by B*{n). The line bundles tt*lu and L naturally extend over 
this compactification. The compactificd universal abelian variety B* (n) does not 
contain the universal semi-abelian variety over the base. This compactification 
is Sp{2g, Z/nZ)-linearizable and one gets compactifications Bg*{n) over A'l*{n). 
Let TO, n, fc G N and let i? be a Z[l/n, C„]-module. A Siegel-Jacobi form / of 
genus g, weight k, index m and full level n with coefficients in R is an element 
in 

JkM^){R) = H°{Bg{n)/R,7:*LU^'' ® L^"'). 

The action of double-cosets as geometric correspondences does not preserve 

(2) 

Jk,m{n)- However the action of the Hecke algebra Hp associated to the pair 

can be defined [Kr] . One can show that this Hecke algebra is isomorphic to the 
algebra generated by connected components of p^-isogenies. By p^-isogenies, we 
mean isogenics of over Z[l/p] between two principally polarized abelian scheme 
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over Z[l/p] which are of degree P^^^ where e is a positive integer. Each con- 
nected component of p^-isogenies acts on Jk.min) via the following diagram 



(1) 



where ttq is the universal isogeny over Z and the maps tti and tt2 are natural 
projections from the appropriate Siegel space Z. If (jj is an isogeny of degree 
p^'^^ , then we have an isomorphism (J>*tt2L = tt'^L'^'p . We define the action of 
Z on Jk,m{n) in the following manner 

The last mapping is possible to be defined because of finiteness and flatness of 
multiplication by p. 

In order to get appropriate correspondences on the universal abelian variety 
B^*(n) we construct compactifications B'*{n,p) of the universal abelian variety 
B' Jn,p) over the Siegel spaces A' {n,p). In the particular case of genus two, 
the involutions Wi for i = 1 to 4 on A'2{n,p) coming from the Weyl elements, 
induce 4 involutions on the compactified universal abelian varieties which will 
be denoted again by the same notation Wi : B2{n,p) -^ B2{n,p). The universal 
p^-isogeny on A2*{n) can be extended to a map Wp : B2*{np) -^ B2*{np). We 
extend the projection it' : A' [n^p) -^ A^Jnp) to it' : B^{np) -^ B^{np). 

Theorem 3.1 Let p he a prime which does not divide n. The geometric corre- 
spondences id, Wp,TT'^ow2° tt'* o Wp and Wp o t:'^ o W2 o tt'* o Wp induce a cokernel 
torsion-free injection 

H"{B^*{n)/Zi,Lu^'' (g) L^"')®^ ^ H"{B^*{np)/Zi,Lu^'' (g) L^"') 

for all primes I not dividing 2pn[T(){p) : T'(p)] with I — 1 > k. 

Proof. One can restrict Siegel-Jacobi forms to the base in order to get Siegel 
modular forms. This geometric restriction commutes with the action of corre- 
spondences and the map between cohomology groups. The restricted map with 
coefficients in a field F 

is proved to be injection for F of characteristic zero or characteristic I for I 
not dividing 2pn[TQ{p) : T'{p)] with I — 1 > k. This implies injectivity of the 
map between Siegel-Jacobi forms with coefficients in F, because by applying 
multiplication by P one can get Siegel-Jacobi forms of higher index restricting 
to a nonzero Siegel modular form on the base. This implies cokernel torsion- 
freeness of the map between Siegel-Jacobi forms. D 



4 Ihara result for Hilbert modular forms 

Here, we consider Hilbert modular forms in geometric framework (look at [Wi] 
for both geometric and analytic approaches). Fix a totally real number field F 
with g = [F : Q] > 1. Let O — Op denote the ring of integers of F and Dp its 
different. Also, fix a basis ai, ..., ag for Op over Z and thus an isomorphism 

Op/nOp -^ {Z/nZ)3. 

We are interested in pairs {X/ s, m) consisting of an abelian scheme X/S over S 
of relative dimension g and a homomorphism m : Op -^ End{X / S) such that 
the relative Lie algebra Lie{X/S) is locally a free Op (^z O^-module of rank one 
on the Zariski site. Let c" = (c, c-)_) be a projective rank-1 Oi?-module equipped 
with a notion of positivity, i.e. an ordering of the rank one free M-module 
c ^t,Of '^ foi' each embedding t : F ^^ R. A c'-polarization is an isomorphism 
of etale sheaves of Oi^-modules on 5* with positivity 

A:(P,P+)^(c,c+) 

where P = P{X, m) is the sheaf T / S i-^ Homx^oiXT, X^)sym of 0-linear quasi- 
polarizations of X with P+ the subsheaf of O- linear polarizations of X. 

A principal level-n structure on the pair {X/s,m) is an O-linear symplectic 
isomorphism 

a : X[n] -^ {Op/nOpf = {'L/n'Lf\ 

where X[n] <Z X is the subgroup scheme of the torsion points of A", a induces 
an isomorphism 

P{X,m) (g>o, Al,X[n] ^ Dp'/nDp\l). 

Let n be an integer > 3. Let 5" be a S'pec(Z[C„, l/n])-scheme. The moduli 
scheme over S'pec(Z[C„, 1/n]) which classifies c^-polarized pairs (AT, ?Ti) over S 
which are equipped with a principal level-n structure is denoted by M{c\n). 
This is a smooth and faithfully flat scheme of relative dimension g. Let ?n|n be 
an integer > 3. The natural morphism 

M{c\n) -> M{c\m) 

is finite and flat over S'pec(Z[C„, 1/n]). The moduli scheme M{c^,n) depends 
on the isomorphism class of c" in the ideal class group Cl{F) of Op. 

The moduli space with polarization varying in the class group is the full 
Hilbert-Blumenthal moduli scheme M{pol, n) with level-n structure. Like the 
Siegel case, there exists a universal abelian variety over M{c\ n). We define the 
Hodge bundle lo as the top wedge of the relative dualizing sheaf. The Hodge 
bundle is an an ample line bundle. Koecher principle will still remain valid. 
Namely sections of w®*^ over M{c^,n) naturally extend to honest sections on 
the compactification M*{c^ ,n). Indeed, we have a natural compactification 

M*(c«,n) = Proj(Vii'°(M(c«,n),a;®'=)) 



,n) ^ ProiC^H^{M{c\n),uj''- 

fc>0 



where the graded ring is considered as an algebra over Z[Cn,l/ri]- This is a 
canonical projective scheme M*{c^,n) of finite type over S'pec(Z[(„, 1/n]), con- 
taining M{c^,n) as a dense open subscheme. The compliment is finite and 
flat. In fact this complement is isomorphic to a disjoint union of finitely many 
copies of Spec{Z[(^n, ^/n]). A cusp of M{c^,n) is characterized by an extension 
of projective OF-modules 

0^ Dp^a-^ -^ K ^b^O 
and an O^-linear isomorphism 

7 : K/nK -^ {OF/nOpf 
where a and h arc rank-1 projective modules equipped with an isomorphism 

The number of cusps of M(c', 1) is equal to the class number of Op- From this 
data, for every cusp of M{c^ ^ n) we get an isomorphism 

c ®z ^/n'L -^ Dp^ ®z Z/nZ 

induced by /3. 

The group Sp{2, OF/nOp) acts naturally on M*{c^ , n) by acting on the level 
structure at each point. This action is compatible with the morphism 

M{c\n) -> M{c^,m) 

for m\n. We can consider quotients of the moduli scheme by subgroups of 
Sp{2^0F/nOp). We can define a compactification M°*(c'',n) for M^{c\n) by 
normalization of 

M^{c\n) -^M*(c»,n). 

Let i? be a Z[C„, l/n]-algebra. We define a Hilbert modular form of genus 
g and weight fc, with coefficients in R regular at cusps, to be an element of 
H^ {M {pol , n) , oj'^'^ (8) R). Koecher principle is also valid for Hilbert modular 
forms. In other words, any Hilbert modular form with coefficients in R extends 
to a unique section of uj^'^ on M*{pol,n). From the moduli property, one can 
define an embedding of M*{pol, n), the compactificd moduli stack of polarized 
pairs {X, m) into A* taking cusps to cusps, such that uj on A* restricts to u 
on M*{pol, 1). This way, one can get Hilbert modular forms by restriction of 
Siegel modular forms to the Hilbcrt-Blumenthal moduli space [Wi]. 

Dividing by subgroups of 5p(2, Oi?/nOi?) acting on M*{n) one gets etale 
quotients of Hilbert-Blumenthal moduli space of level n. Consider the congru- 
ence subgroup of SL{2, Of) defined by 

rO(n) =={a== (" ^) e GL+{F)\a,d e OF,b e 6-\c e n6,ad - be e O^}. 
c d 
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Note that 

Thus, we have an involution Wp on the moduU space M'^{pol,pn) associated 
to T'^{pn) whose level structure is defined by fixing a symplectic subgroup 
of abelian scheme of np-torsion points {Op /npOp)^ isomorphic to the group 
scheme (Of/pOf)- Having Wp we get a map 

TT* © u.p o TT* : H^>iM°{pol,n),uj'^''/OF)®^ ^ H*^ {M\pol , pn) , u®*" / O p) 



Theorem 4.1 Let p be a prime ideal which does not divide n. There exists a 
cokernel torsion-free injection 

H%M"{pol,n)/OFj,u;^''f^ ^ H"{M%pol,pn)/OFj,LU^'') 

for all primes I of the ring Op not dividing 2pn with I — 1 > k. Here Of,i 
denotes the i-adic localization of Of and I is the characteristic of its residue 
field. 

The proof is in the same lines as the appendix. But, one can easily prove 
such a result using appropriate Shimura curves. This is why we leave the proof 
to interested reader. 



Appendix 

We shall thank G. Pappas, who communicated his results to us before publi- 
cation. His results works both in finite characteristics and characteristic zero. 
The idea is essentially due to F. Diamond and R. Taylor [Di-Ta]. Pappas uses 
density of Hecke orbits to apply the ideas of [Di-Ta] in a much more general 
setting. Density of Hecke orbits was proved by C. Chai [Ch]. 

Many results in this section do not hold, when g = 1. We assume g > 2 
through the whole section. Let F be a field of characteristic or of finite 
characteristic q, not dividing the level np. 

Proposition 4.2 The line bundle lo'^^ on A^Jn) is nontrivial for nonzero k. 

Proof. Moret-Bailly and Oort introduce a principally polarized abelian scheme 
A' -^ P^ (F) of relative dimension two with restriction of uj on P^ (F) isomorphic 
to 0{q — 1). The local system of n-torsion points is trivial over V^{F) thus by 
adding a constant family of right dimension to A' we can induce an embedding 
pi(F) -^ A"g{n). This implies the claim. D 

Remark 4.3 . On X"(3) we have uj ~ Opi(i?)(l) and on X°(4) we have lo = 
Opi(^-)(3). In both cases we can have a divisor for lo supported in the cusps.\I\ 



11 



Let 5 be a scheme of characteristic q, and A ^ S he a scmi-abehan scheme 
over S. Frobenius morphism induces a honiomorphism 

Ft* : e*n\/s ^ ie*^\/sY'^ 

where {e*n\,gY'^'' is the same as e*Q\,g except that, the underlying Os-module 
structure is combined with Frobenius. Therefore, we get a homomorphism 
det{Fr*) : loa/s ^ i^T/s- ^^'^^^ detie*^^}^^) = det(e*ri^/^)®«, over Z/qZ 
this homomorphism corresponds to a section H of cj'^f'?-!) 

Theorem 4.4 Let tt : A^{np) -^ A'l{n) be the projection. Then the morphism, 

TT*®WpOTT* ■.H''{Al{n)/F,uj®'')®H''{Al{n)/F,uj®'')^H\Al{np)/F,uj®'') 

is injective if F is of characteristic zero, or if k is not divisible by q— 1. In case 
k = (mod q — 1) the kernel is generated by (_ff™, H^"^) where H is the Hasse 
invariant and m—k/(q-l). 

Proof. Injection in characteristic zero can be reduced to C, and in characteristic 
q can be reduced to ¥q by flat base change. Suppose (/i,/2) be an element 
in the kernel of ir* (B w2, o ir* . Consider an ordinary point on A'^{np)/F. It 
corresponds to an isogeny (/) : A ^ B between principally polarized abelian 
varieties. Let loa and lvb, be a local bases for coa/f and lob/f, respectively. We 
shall regard /i and /2 as forms on A^Jnp) which are pulled back from A^An). 
But when we address the values of them, we shall not specify the p-isogeny 
associated to the abelian variety on that point, because these forms being pull 
backs are independent of these isogenics. Then by definition of Wp, we have 
fi{A,(j)*ujB) = -f2{B,ujB), and also fi{B,4>**L0A) = -/2(A,wa) for the dual 
isogeny (j)^ : B ^ A. li ip : B —^ C he another isogeny of the same type, we 
have fi{B,tp*u!c) = -f2{C\ujc)- Therefore, Xf2{A,ujA) = tif2{C,ujc) for non- 
zero constants constants A and /i. We conclude that for a chain of isogenics 
A ^ B ^' C oi degree P^ corresponding to points in A'^{np), if /2 vanishes 
at a point in A'l{np) over A <E A'l{n), then it also vanishes at every point in 
A'l{np) which is over C £ A^{n). Let Z denote the subscheme of A'l{n) defined 
by /2 = 0. We shall show in the following lemmas that Z = A'l{n). This will 
prove that /i = /2 = and we get injection. 

In case /2 only vanishes at supersingular points, there will be a positive 
integer m such that, f2/H"^ is a global non-zero section of w™"'^'^'^"^'' on A^{n). 
This implies triviality of the bundle oj™^'^'''^^^ and thus k = m{q — 1). Let 
Sg{n) denote the divisor of H in A Jn) where A (n) denotes a smooth toroidal 
compactification of A'^{n) (Chapter IV in [Fa-Ch]) and let Sg{n) denote the 
divisor of H in A^{n). Sg{n) is the reduced Zariski closure of Sg{n). which is of 

pure codimension one in A Jn), by construction of toroidal compactifications. 
The complement A'^{n) — Sg{n) is the ordinary locus. So in this situation, we 
get /2 = A.7J™ for some A e F.D 
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Lemma 4.5 The subscheme Z of A'l{n) satisfies the following condition: 
(*)If (p : A ^f B is a principally polarized p-isogeny over F of degree p'^ with 
2g\c and one of the points corresponding to A or B belong to Z{F), then so does 
the other point. 

Proof. [Sh] proves that for a pricipally polarized isogeny (p : A ^ B oi degree 
p'^^ over F there exists a chain of principally polarized isogenics of degree p^ 
whose composition equals to cj). The details are left to the reader. D 

Lemma 4.6 There exists a closed subscheme Z' of J^(n) which contains Z and 
satisfies the following property 

(*')If (j) : A —> B is a principally polarized p-isogeny over F and one of the 
points corresponding to A or B belong to Z'{F) then so does the other point. 

Remark 4.7 . By results of [Ch] any closed subscheme of A'l{n) satisfying the 
above property is dense in A'^{n).D 

Proof. We are considering the case that Z has an ordinary point. Suppose Z be 
of codimension one. Let Z" denote the Zariski closure of the set of all ordinary 
points which are connected to a point on Z by an isogeny of degree dividing 
p^^ . For every point in Z there are at most finitely many points connected 
to it by isogenics. Thus Z" has also codimension one in ^°(n). Now define 
Z' — Z" U Sg{n). Z' satisfies the property mentioned above. D 

Lemma 4.8 Let f and g be forms as above of the same weight. To show that 
Wp.f + g = implies f = g = it is enough to prove f — Wp.f implies / = 
for arbitrary weight. 

Proof. This is because Wp is an involution. Wp.f + g = implies that (/ + .g)'*^ 
and (/ — g)^'^ are both Wp-invariant. If being Wp-invariant implies vanishing, 
we get (/ + g)®^ = if — g)®"^ = and thus f + g = f — g = which imphes 
vanishing of / and g.D 

Proof(2.3). Let ft- be a form on A°(n) whose pull back to A^(pn) is Wp- 
invariant. Note that if A ^ i? is an isotropic isogeny of degree p^ between two 
ordinary principally polarized abelian varieties then if h vanishes at the point 
corresponding to A it also vanishes at the point corresponding to B. So by the 
argument of Pappas, the subscheme Z defined by ft = contains the full Hecke 
orbit of each of its ordinary points. By a result of [Ch] we know that each Hecke 
orbit is dense. Hence Z = Ag and ft = 0. Except if Z does not contain any 
ordinary point. In this case we repeat the argument of Pappas and deduce that 
ft = A.if™ andp- l|fc.n 
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